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ABSTRACT: We consider type IIB supergravity backgrounds which describe marginal de-
formations of the Coulomb branch of A" = 4 super Yang-Mills theory with SO(4) x SO(2)
global symmetry. Wilson loop calculations indicate that certain deformations enhance the
Coulombic attraction between quarks and anti-quarks at the UV conformal fixed-point. In

the IR region, these deformations can induce a transition to linear confinement.
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1. Introduction

It has been conjectured that type IIB superstring theory on AdSs x S° is dual to four-
dimensional A/ = 4 super Yang Mills theory [l-f]. The supergravity dual of marginal
deformations of this theory related to the U(1) x U(1) global symmetry was found in [{].
This involved T-dualizing along a U(1) direction of the 5-sphere, lifting to eleven dimensions
and then going back to type IIB theory along U(1) directions which are shifted by an
SL(3,R) transformation [[f]. So long as the direction corresponding to the U(1) R-symmetry
of the theory is not involved in this procedure, the deformed theory preserves N = 1
supersymmetry. Matching this deformation of AdSs x S® to an exactly marginal operator
in the field theory provides a holographic test of the methods in [F]. In this manner,
marginal deformations have been found for various superconformal field theories, including
those associated with the conifold as well as the Y74 spaces [[I] and the LP%" spaces [f].!
Also, the eleven-dimensional supergravity duals of marginal deformations of various three-
dimensional conformal field theories were found in [, [LT].

This method can also be used to find the gravity duals of field theories undergoing
renormalization group (RG) flows [[], [, [[J]. In particular, the gravity dual description
of deformations of the Coulomb branch of N' = 4 Yang Mills theory with SO(2)? global
symmetry was considered in [LJ]. This part of the moduli space corresponds to a continuous
distribution of D3-branes on an ellipsoidal shell [14]. The introduction of scalar expectation
values does not change the superpotential of the theory. Furthermore, the superpotential
along the deformed Coulomb branch flow is the same as that for the marginal deformations
at the UV conformal fixed point [fi], and is given by

W ="Tr ((1)1‘1)2(1)3 - q(I)Q‘I)l(I)g) 5 qn = 1, (11)

which is a g-deformation of the superpotential preserving N' = 1 supersymmetry [{. ®;

27 (y—Ts0)

are three adjoint chiral superfields, ¢ = e and 75 is related to the gauge coupling

and theta parameter of the field theory.

!The Sasaki-Einstein spaces Y?'¢ and LP'¢" were found in M, E] and @, ], respectively.
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Figure 1: Marginally deformations can cause conformal field theories to undergo different Renor-
malization Group flows. The IR region of these theories can be drastically changed. We will consider
examples in which o deformations of the UV conformal fixed point induces a transition in the IR
region from Coulombic behavior to linear confinement.

The setup can be pictured as in figure . The N = 4 super Yang Mills theory undergoes
the RG flow on the left when certain SO(6) scalar fields acquire non-vanishing expectation
values. We will focus on a part of the moduli space for which Wilson loop calculations [[L5,
1q] indicate that there is a Coulombic force between quarks and anti-quarks [[[7]. After
applying o deformations to the UV conformal fixed point, the theory undergoes a different
RG flow, as shown on the right of figure .2 How do the marginal deformations of the
UV conformal fixed point effect the physics of the IR region? From the Wilson loops, we
find that these o deformations can actually cause the theory to undergo a phase transition
such that the quark anti-quark pairs exhibit linear confinement.? Similar phenomena were
discussed on the gauge theory side in [I9—RI]. We should note that we only consider
external quarks.

This paper is organized as follows. In section P}, we show that the marginal deformations
of NV = 4 super Yang Mills theory enhance the Coulombic attraction between quarks and
anti-quarks. In section fJ, show that deformations along certain parts of the moduli space
of the Coulomb branch cause a phase transition to a linearly confining theory. We discuss
various issues and further directions in section fi.

2. Marginal deformations of AdS; x S°

For the AdS5 x S® background of type IIB theory, Wilson loop calculations indicate that
the energy of a string stretched along the radial direction is £ = ¢/L, where L is the
distance between the string endpoints and the strength parameter c is proportional to

2This picture is a bit over-simplified, since there is actually a countably infinite family of deformations
that can be applied at all points along the original RG flow.

$Wilson loops for string configurations which are not purely radially oriented have been studied for the
~ deformed backgrounds [E]



\/ %N 6, [3]. This is to be expected from conformal invariance of the dual four-

dimensional gauge theory [fl].* The Lunin-Maldacena deformation of this background has

the string-frame metric [f]
2 o o dr? 2
dSStr = a/ H <ﬁdxﬂ + R 7“_2 + R d8§5> s (21)

where the characteristic length scale of AdSs is given by R* = 47Tg%MN in string units.
5% is the deformation of S® which depends on the modulus of 3 = v — 750, where v and
o are real deformation parameters and 7, is a complex structure parameter related to the
gauge coupling and theta parameter of the dual gauge theory [l]. The conformal factor H
is given by

H=1+462s%(c2 + s2s3c2) (2.2)

where a and 6 are internal coordinates of S° and 4 = yR?/2, 6 = oR?/2. The classical
supergravity description is valid as long as the curvature is small relative to the string
scale, the two-torus corresponding to the U(1)? global symmetry is larger than the string
scale, and the metric does not degenerate at arbitrary points. These conditions can be met

for [H]

R>1, A4<R, 6<R. (2.3)

From the AdS/CFT correspondence, the gluonic field created by a static quark anti-
quark pair can be described by a string configuration whose endpoints are located on the
boundary of the AdS spacetime [[[§, [f]. The Wilson loop can be computed by minimizing
the Nambu-Goto action for a fundamental string on the supergravity background. The
action for the Euclideanized string worldsheet is given by

1
S =

2wl

/ dr o\ /detCrrnda XM 05 XN (2.4)

For a static configuration, we can take 7 = t and o = x1. Also, because our configuration
is static, the boundary action due to the antisymmetric tensor field vanishes does not
contribute to the string action.

In order for a purely radial string to solve the equations of motion, it is required that
OoH = 9pH = 0. For example, H = 1+ 62 for § = 0 and a = /4, as well as § = 7/4 and
a=m/2. Also, H=1+ 362 for = w/4 and cq = 1/V/3. Then

S = % /dml\/(axlr)z +r4/R%. (2.5)

Since H is a constant, the Wilson loop calculation proceeds as in [[1f] with the result that

the energy of the string configuration is

An?\ /262 (N H
E=-

D(1/44L

(2.6)

4This carries over when S° is replaced by T"' or one of the countably infinite Y72 [ﬂ, E] or LPoT

spaces @, .



where L is the distance between the string endpoints. We will show the intermediate steps
of such computations in the next section, which includes the above result in the special case
of vanishing ¢;. Since this deformation did not break conformal invariance, the energy goes
as 1/L, since the only scale present is L. However, the charges are effectively enhanced by
the factor v H. Notice that the v deformations have no effect in this regard, so long as the
string is oriented purely in the radial direction.

3. Deformations of Coulomb branch flows

We would now like to investigate the effects of these deformations on the quark anti-quark
potential for nonconformal field theories, in particular with regards to confinement. The
natural place to begin such endeavors is to consider deformations of theories which already
exhibit confinement. It turns out that for the Klebanov-Strassler 2] and Maldacena-
Niiiez R3] backgrounds, both of which exhibit confining IR phases, the quark anti-quark
potential remains invariant under v deformations. From the last section, we might wonder
if o deformations might enhance the scale of confinement. However, these backgrounds
are not well-defined under ¢ deformations [, [2]. We do not consider these types of
deformations of the Polchinski-Strassler solution [24] because they would break all of the
R-symmetry and therefore not be supersymmetric. In addition, since it is a perturbative
solution, we are not guaranteed that these deformations would maintain the regularity of
the solution.

The quark anti-quark potential has been studied for the v deformed Coulomb branch
of N = 4 super Yang Mills theory [[1§], where v deformations were found to effect the
behavior only when the two U(1) factors in the global gauge group corresponding to the
quark and anti-quark are given different expectation values. We would like to consider o
deformations of this theory. The supergravity dual of the deformed Coulomb branch flow
can be written (with the metric expressed in the string frame) as [[L3]

dr?

2
fr2LiLoLs

fR4 dxl% +

G G
ds* = o/ \/JHfR? [Esi(Dgpl + gL3ci Dygs)? + ED@% +

k 2 9
+Ek1 |:da + Z(LQ — L3)$20.520 d9:| + k;f—lsi do? + ZghL1L2L3S%OéS%6 de ’

4
1T
Fi5) = dCg) + % dCy , Cuy = <f 1@ - 1) diz,

R4f8i 2 R4f5§
=7 " 1gh G Dp1 A Dpy — 0 Ay, C®=—¢ Igh G Dp1 A Dy —v Ay,
RAf 52
2 — g2 = o 1
e G, x=no ThH (3.1)

where

2 L1LyL
dAp) = %R4f752a529 dp A ( 1T22 30.(fM)s2 da Adf + kf 0. (f1)s2 dr A dB

Ls — Ly

+ TSQO(SQ@aa(fil) + %39(f1):| dr A\ [da + E(LQ — L3)82a829 d@]) ,(3.2)



and Dy; = dy; + Aib(ﬁﬁ with the connection one-forms
Allp = [Lgcz(l - Ai) - LQSg]g, Ai = (2gL2L352{5§9 — 4Llci)h. (3.3)

The various functions are given by

f = (L7 e + Lytsish + Lytsicd )L1L2L3, g ' = Lysi + Lacd
O 4Llc§ + gL2L3SiS%g, k= 15 +g 1ci, (3.4)
and
e
L,=1+ ok (3.5)
The deformation functions are
Gl=1+%+ &2)is2 H=1+ P (3.6)
gh %’ gh ¢

The deformations turn on the complex 3-form field strength, which supports D5 and NS5-
branes wrapped on a two-torus. As discussed in [ff], in order for the 5-brane charges to
be quantized, v and o must take on rational values. Also, since the dilaton is no longer
constant, the corresponding super Yang-Mills coupling constant runs along the flow.

The deformed geometry is regular [[L3], with the exception of the singular shell of D3-
branes which may represent a phase transition at the associated scale of the RG flow [L4].
The conditions for the classical supergravity description to be valid include those for the
marginal deformations of AdSs x S°, and are given by (B.3). Even so, the curvature blows
up as one approaches the singular shell of D3-branes which, from the point of view of the
dual gauge theory, may correspond to a phase transition [L4]. This is not a problem for
us as long as the curvature is small at the minimal radius ry which is probed by string
configurations. This is guaranteed if ro > ¢;/R?. All of these conditions are met for large
enough R.

We will now consider inserting a probe D3-brane at large distance and consider the
behavior of string configurations which end on this brane. For the purposes of Wilson
loop calculations, only the metric is important. Since we will only consider static string
configurations, antisymmetric tensor fields do not contribution to the string action. The
symmetry in the x; directions allows us to choose coordinates so that the trajectory runs in
the x1 = x direction with xo = x3 = 0. Also, since the metric is independent of ¢; and ),
taking them to be constant is automatically consistent with the corresponding equations
of motion. With these simplifications, the string action is

/2 ,,a2

r2k r2
S = dx\/_\/fR4 fLy o + —=530” + (Lo — L3)szas200/0, (3.7)

Lo L3 2 f

where / denotes a derivative with respect to z and T' denotes the time interval. A simple
solution to the equations of motion is given by o = 7/2, § = 7/4 and ¢, = ¢3. This
restricts us to the case with SO(4) x SO(2) symmetry. The trajectories are parallel to
an axis that passes through the center of the D3-brane distribution. Notice that, for a
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Figure 2: String configuration for ¢; = 0, ¢ = f3 = 10 and 6 = 1 (black), 2 (red) and 3 (blue).
For a given L, the o deformations increase the energy scale probed by a string.

spherical distribution of branes, all ¢; are equal and H reduces the constant values of the
previous section. Since the action does not explicitly depend on x1, the solution satisfies

/ [ H,
— =9y2R?, (3.8)
134 + L L2 0

where Hy = H(rg), fo = f(ro) and rg is the minimum value of r that the string reaches.

The solution is given by

v RQ/ dr
T0 7‘2\/_L2 foHTA —1

fHorg

(3.9)

where 7( is determined by L = 2z(r — o0).

Figure | shows string configurations for ¢; = 0, ¢5 = ¢3 = 10. The plots for 6 = 1
(black), 2 (red) and 3 (blue) serve to demonstrate that, at a given L, the o deformations
increase the energy scale (r) probed by a string. One condition in order for the o defor-
mations to induce a phase transition to a confining phase is that the energy scale must be
enhanced all the more for large L.

The regularized energy of the string configuration is

L[ Jo Hr? - 1 [ro -
E=— dr 1] = — V14062 —— drv/1+46%, (3.10)
o ™ Jo

4
T Ho o3 LiLy 5 1

where the infinite contribution from the W-bosons has been subtracted. L and E can be

written in terms of complete elliptic integrals for two separate cases [RJ].
The first case is given by

L = 4R*(1 4 6%)B11/ (5 + £3)an [, Vaz) — K (vaz)]

B =2 [y - O D () 11
T 2 —

&
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Figure 3: Quark anti-quark potential using (B.11) for ¢; = 1, £ = ¢3 = 0 and & = 0 (black), 10
(red) and 20 (blue). In this part of the Coulomb branch, the o deformations simply enhance the
Coulombic force.

where®
o =g+ 6+ 6%+ 28— 655)]6, BT =20+ GG +26°(05 + 63). (3.12)
This case applies when either 73 > (2 — 2/2 for any &, or else 1§ < 2 — 23 and 6% <
2 2
%. For equal ¢;, L becomes independent of & and reduces to that of the conformal
1 2 0

case considered in [[L. For vanishing & this reduces to the undeformed Coulomb branch,
particular cases of which have been considered in [[[7].

Figures | and [] are parametric plots of the distance between the quark and the anti-
quark L versus the quark anti-quark potential E using (B.11)) for case 1. The effect of the
o deformations depends on which part of the Coulomb branch we are probing, as well as
the trajectories of the probe strings. For trajectories which are orthogonal to a uniform
distribution of D3-branes on a two-dimensional disk of radius ¢; (¢; # 0, ¢o = {3 = 0), we
find that the o deformations enhance the attractive Coulombic force between the quark and
anti-quark. This force vanishes at asymptotically large distance.® This is shown in figure B
for /4 =1 and 6 = 0, 10 and 20. We have added o dependent constants to the energy
(since energy is only defined up to an additive constant) in order to render it zero when the
quark anti-quark distance gets very large. We have set R to unity for convenience, since it
simply has the effect of rescaling 6 and L.

For a uniform distribution of D3-branes on a three-dimensional spherical shell” (¢; = 0
and ¢o = l3 # 0), the sigma deformations actually induce a phase transition from a
Coulombic phase for small distance to a linearly confining phase as the distance becomes
larger. This is shown in figure ] for the case of /1 = 0, /5 = ¢35 =10 and 6 = 1, 2 and 3.
For small distances between the quarks and anti-quarks, they still experience Coulombic

5We denote K, E, and II for the complete elliptic integrals of the first, second and third kind, respectively.

50ur results indicate that there is complete screening for large enough L, as was found for these trajec-
tories in the undeformed backgrounds [@] However, this occurs only for strings which touch the D3-brane
distribution and is simply a remnant of the continuous approximation of the distribution.

"This can be obtained from the disk distribution by taking ¢ — —¢2 and r > {1, as in [@]
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Figure 4: Quark anti-quark potential using ) for {1 =0, ¢3 = {3 =10 and 6 = 1 (black), 2
(red) and 3 (blue). R has been set to unity. For small distance, the force is Coulombic. As the
distance increases in this part of the Coulomb branch, the ¢ deformations induce a transition to a
linearly confining phase. The scale of confinement increases with o.

attraction, as in the case of the conformal fixed point in the UV limit. As the distance
increases, this transitions to a regime of linear confinement, where the scale of confinement
increases with &. This is very similar to what happens for certain string trajectories in
parts of the moduli space of the undeformed theory which exhibit a confinement phase,
such as case II in [[L7] as shown in figure 5 of that paper. However, in the limit of vanishing
o, our trajectory matches that of case I in [[[7], for which there was no confining behavior.
In order to see the behavior for large length L, consider (B.11]) as ap — 1, which implies
that rg and ¢; are small. In this approximation, we get the simple analytical result
603
2rRZ
This result can be obtained either by expanding the complete elliptic integrals around

E:

(3.13)

a9 = 1, or equivalently by assuming that the dominant contribution arises from the region
near r = rg. As expected, for nonzero & we have linear confinement at large distance. Note
that the scale of confinement is independent of the coupling constant gyyr in this limit. In
the cases considered in figure [, the typical length scale at which the Coulombic behavior
transitions to linear confinement is on the order of .2R?//5.

For our deformed solution (B.J]), similar behavior can also be found for a uniform
distribution of D3-branes on a particular family of five-dimensional ellipsoids (all ¢; nonva-
nishing and ¢, = ¢3). For the more general examples with SO(2) x SO(2) x SO(2) symmetry
(€9 # L3), there are no longer any purely radial trajectories. Nevertheless, we expect to find
that these modes also undergo transitions to confining phases. For nonradial trajectories,
~ deformations also have an effect. Cases in which there is linear as well as logarithmic
confining behavior were studied in [[[§].

The second case for which E and L can be written in terms of complete elliptic inte-

grals PF] is

R? 3+ 03 02 — 02
@ —63)\/261(1 Tm ) [T \gve V) KW




1 1
b= 2132/ (1 + 62)(rg + £7) K (va) = (1-q)

E(\/q)| , (3.14)

where
6202 — (1+262)02 — (1 + 62)r2

T+ ) + )

q (3.15)

2 2

r&-+4 . P C 1. .
4202!%. Since & is nonvanishing for this
1747 Tg

case, there is no limit in which it reduces to undeformed results. We have found similar

This case applies when r§ < 3 — 203 and 62 >
behavior as shown in figures [| and ] for the various values of ¢; and o.

4. Discussion

We have considered the gravity dual of deformations of the Coulomb branch of N' = 4
super Yang-Mills theory. In particular, for o deformations we have used Wilson loops to
probe the geometry in cases which preserve SO(4) x SO(2) symmetry. In certain parts of
the moduli space, we have found that ¢ deformations induce a transition from Coulombic
attraction between quarks and anti-quarks to linear confinement.

We have already noted that the supergravity description breaks down for string con-
figurations which get too close to the singular shell of D3-branes. In this region, one can
no longer approximate the brane distribution as being continuous. This description must
be replaced by discretely-spaced stacks of D3-branes. We can now consider a string getting
close to a particular stack which has a large number n of D3-branes, where 1 < n < N.
For the cases considered in figure B, for which the Coulombic behavior persists after the
deformations, there is partial screening of charges since R* is effectively reduced by a factor
of n/N [[L§]. For cases in which there is linear confinement, as presented in figure [, we find
that the confinement is actually occurring at an intermediate energy scale of the theory. In
both very high and low energy scales, there is Coulombic behavior. There is partial charge
screening in the deep IR region relative to the UV limit.

The concavity condition on the potential of a heavy quark anti-quark pair is given by

dFE d’FE

aL = Y 12 <0. (4.1)
It can be seen directly from figures [ and [ that these conditions are obeyed. The first
condition implies that the force between the quark and anti-quark is always attractive.
Although this is obvious from QCD, this is not obvious from the viewpoint of the string
theory a priori. The second condition implies that the force does not increase with L. The
concavity condition is sometimes not satisfied when the string configuration is too close
to the D3-brane shell, since then the continuous approximation of the brane distribution
breaks down [[I7].

Although the § deformations can have a dramatic effect on the behavior of radial
string configurations, the minimally-coupled massless scalar field equation for purely radial
modes remains unchanged. This seems to indicate that the quarks and glueballs in the
deformed theory are associated with two independent confinement scales.® On the other

8We are grateful to Leopoldo Pando Zayas for bringing up this possibility



hand, scalar modes with angular dependence are affected by § deformations. This was
discussed for the case of v deformations in [[L§], where it was found that the wave equation
can be written as the Heun differential equation, which is related to the BC; Inozemtsev
system by way of a non-standard trigonometric limit. Since this is an integrable model, the
Bethe ansatz method can be used to find solutions [[§]. For the full 3 deformations, the
H factors from the background metric in (B.])) cancel out of the wave equation, regardless
of angular dependence. From G in (B.6), the wave equation has the same form as that for
o = 0 with the replacement v — (8 and is therefore integrable.

In the case of v deformations, it has been explicitly shown that the deformed super-
gravity solution preserves A" = 1 supersymmetry [§]. We expect that the same is true for
o deformations, since the direction corresponding to the U(1) R-symmetry is not involved
in the deformation procedure. However, it would be nice to show this from the Killing
spinor equations.

We have restricted ourselves to only purely radially oriented string configurations. One
could also consider strings whose endpoints lie at different angles in the internal space.
This would correspond to giving different expectation values to the two U(1) factors in the
global gauge group corresponding to the quark and the anti-quark [I. Such configurations
have already been considered for the supergravity backgrounds describing the undeformed
Coulomb branch of N = 4 Yang Mills in [[I7], as well as for the v deformed backgrounds
in [I§]. However, one of the main points of this paper is that o deformations, as opposed to y
deformations, can have a radical effect on the behavior of purely radial string configurations.

It would also be interesting to consider how these ¢ deformations change the confin-
ing characteristics and phase structure of finite temperature field theories described by
nonextremal rotating D3-branes.

Finally, in this paper we have only considered external quarks. It would certainly be
nice to consider dynamical quarks through the addition of D7-branes.
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